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Since the pioneering paper by Feynman on physical computation [1] , the relation between Fermions and local quantum systems has been largely investigated. In this paper Feynman wondered about the possibility of simulating Fermions by local commuting quantum systems in interaction-what we would call nowadays a "quantum computer". The Jordan-Wigner map [2] transforms isomorphically the Fermionic algebra into a qubit algebra. Such a correspondence has been a valuable instrument for solving the 1d xy spin-chains [3, 4] and has been used to extend to the Fermionic case notions as the entanglement [5] , the entropic area law [6] , and the universal quantum computation [7] . However, in many applications one needs to map quantum algebras in an isolocal way, namely mapping local quantum operations into local ones, and nonlocal to nonlocal ones. The JordanWigner transformation is not isolocal, and this leads to some ambiguities in defining the partial trace [8] [9] [10] [11] , and in assessing the local nature of quantum operations [12] . Here the Wigner superselection rule comes to help.
The Wigner superselection rule forbids superpositions between states with odd and even particle number, based on the simple argument of the impossibility of discriminating a 2π rotation from the identity [13, 14] . The Wigner superselection rule avoids the problems connected to isolocality [5] , however, as we will see in this letter, it makes the theory non locally-tomographic, namely one cannot anymore discriminate between two nonlocal states using only local measurements, unlike quantum theory (qt) [15, 16] .
The notion of local-tomography (also called localdiscriminability [17] ) has been introduced in the new context of general probabilistic theories, which has become the stage for the recent axiomatization program of qt. Examples of such theories are the classical information theory [16] , the box-world [18] , and the real quantum theory (rqt) [19] . In such a framework, a theory that lacks local-tomography is called holistic [19] . In this letter we will introduce a notion of superselection rule for a general probabilistic theory, corresponding to a linear constraint over the convex set of states. Such a notion contains the usual superselection rules of qt as special cases, but also includes other cases, e. g. rqt as a superselection restriction. We will provide a link between the cardinality of the rule (the number of linearly-independent constraints) and the degree of holism of the resulting theory.
In addition to the feature of local-tomography, another characteristic trait of qt is the monogamy of entanglement, i. e. loosely speaking the limitation on the sharing of entanglement. For example, if two qubits are completely entangled with each other, neither of them can be entangled with any other object. As we will show in this letter, the Fermionic quantum theory (fqt) has a non monogamous entanglement, which directly follows from the Wigner superselection rule. As we will show, the monogamy violation goes hand in hand with the existence of mixed maximally entangled states and of non trivial Maximally-Entangled Sets (mes) [20] for bipartite states (unlike qt where non-trivial mes's occur starting from tripartite states).
In the following we will restrict to general probabilistic theories that are convex (all sets of transformation are convex) and causal [16] (namely, the probability of the preparation is independent of the choice of the observation test). Notice that transformations include as special cases states and effects, and that we will denote by St(A) and Eff(A) the convex set of (generally subnormalized) states and the convex set of effects of system A. In the presence of the non restriction hypothesis (requiring that all completely state-preserving transformations belong to the theory) a system A is fully specified by St(A). Imposing a superselection rule σ on a theory corresponds to sectioning linearly all sets of transformations for each multipartite system, which under the non restriction hypothesis reduces to sectioning linearly just the sets of states. Namely, superselecting the system A with the superselection rule σ means sectioning linearly St(A) giving a new set of states St(Ā), which is identified with the systemĀ := σ(A) of the constrained theory. For consistency of the theory, the superselection map σ must commute with the system composition, and this forces the definition of composition for the constrained theory as σ(A)σ(B) := σ(AB) (we remind that system composition is denoted by juxtaposition, namely the composed system of A and B is AB). Notice that, being linear σ preserves convexity of the theory. This means that e. g. in a qt with a superselection rule we cannot superimpose states from different sectors, but we can mix them.
In the following we will denote by X R the linear span of the set X. Clearly one has Eff(A) ⊆ St(A) * and Eff(A) are just linear functionals on states. The superselection rule σ will be defined as follows. For linearly independent s
where
In general for any theory one has D AB ≥ D A D B , and this provides an upper bound for the number of independent constraints of a composite system, i. e.
It is easy to see that for any b ∈ Eff(B) and any i = 1, . . . , V 
( 2) A superselected theory saturating the lower bound in Eq. (2) is called minimal. For such a theory clearly the constraints for bipartite systems are of the form s σ i ⊗ b and a ⊗ s σ j , with a ∈ Eff(Ā) and b ∈ Eff(B). A minimal superselected theory can be built "bottom-up" by just defining the constraints on the elementary systems.
Before proceeding, we recall the notions of n-local effect and of n-locally-tomographic theory [19] . We call an effect n-local if it can be written as conic combination of tensor products of effects that are at most npartite. A set of effects E is called separating for a set of states S if any two states of S are discriminated by an effect of E. We call a theory n-locally-tomographic if the set of n-local effects is separating for multipartite states. For a locally-tomographic theory (i. e. n = 1) one has D AB = D A D B . From the above definitions it follows that a n-locally-tomographic theory is also (n + 1)-locally-tomographic, and we will call a theory strictly nlocally-tomographic if it is n-locally-tomographic but not (n − 1)-locally-tomographic.
For a strictly bilocally-tomographic theory (i. e. n = 2), the definition implies [19] 
A strictly bilocally-tomographic theory that saturates the upper bound will be called maximally bilocallytomographic, and it requires all 2-local effects to separates multipartite states. When the bound of Eq. (4) is saturated by all the elementary systems, then one can prove by induction that the whole theory is maximally bilocally-tomographic. In the following we will focus on the superselection of a locally-tomographic theory. This is the case, for example, of qt with parity or charge-superselection and of the rqt. For such a case we have that D AB = D A D B and therefore Eq. (2) becomes
In this scenario we have a striking relation between the discriminability of states and superselection rules. Indeed a minimal superselected theory is maximally bilocallytomographic. This can be proved by evaluating D ABC using the saturated bound of Eq. (6) and the identities of Eq. (5), Eq. (1), and ABC =Ā(BC), and noticing that it is equal to the RHS of Eq. (4). While a minimal superselected theory is a maximally bilocallytomographic, saturating the upper bound (7) recovers a locally-tomographic superselected theory. In the intermediate range one can find superselected theories of any degree of holism. In the following we will focus on the fqt and show that it can be regarded as a minimally superselected qt made only with qubits.
We consider a network where each site, called local Fermionic mode (lfm), can be either empty or occupied by a spinless Fermion. In the following we will denote the multipartite Fermionic systems as 1 F , 2 F , . . . , N F , . . .. We define creation and annihilation operators ψ † i and ψ iwhere i labels the i-th lfm on the network-as operators satisfying the canonical anticommutation relations
We denote by |Ω the vacuum state of the theory, corresponding to all modes unoccupied and then annihilated by the field operator ψ i |Ω = 0. The vacuum state of the single lfm will be denoted |0 with ψ † |0 = |1 . Notice that the vacuum state |Ω of N < ∞ lfm's is unique and it is given by |Ω = ⊗ N i=1 |0 i . The Hilbert space H of N lfm's is the Fock space spanned by the basis vectors |q 1 , . . . , q N with q i ∈ {0, 1} the occupation number at the i-th site.
One
with eigenvalue p = 0, 1, corresponding respectively to an even/odd total occupation number. According to the conservation of the parity of the Fermion number [13, 14] , any physical state or observable commutes with the operator P . This implies that Eff R (N F ) = St R (N F ) is the operator space spanned by products of even number of ψ i and ψ † i . In the following we will denote by N Q the multipartite system of N qubits, with Hilbert space with dimension 2 N . Since qt is locally-tomographic we have
2N . On the other hand, according to the parity prescription the dimension of the Fermionic system N F is D NF = 2 2N −1 = D NQ /2. Notice that the single-lfm system 1 F has only two possible pure states |0 , |1 , thus corresponding to the classical bit, whereas the linear space of states for the system of N lfm's is
, namely the direct sum of two copies of the state-space of N − 1 qubits.
The fqt is maximally bilocally-tomographic since it saturate the bound of Eq. (4). Indeed, for elementary Fermionic systems we have (8) where (4) is saturated by elementary systems, then the full theory is maximally bilocally-tomographic. This is checked by the number of independent local and 2-local effects for N lfm's given by
2n−1 = D NF . We emphasize that the fqt provides an example of a bilocally-tomographic theory whose systems do not satisfy the dimensional prescription in Ref. [19] of Hardy and Wootters [21] .
Besides being bilocally-tomographic, the fqt is also a superselected qt of qubits which satisfies the minimality condition. It is easy to see that the 1 F system can be achieved from the qubit by means of the superselection constraints Tr[
The whole fqt can be built bottom-up by minimally extending the constraints to the composite systems. Indeed the lower bound in Eq. (7) is achieved. We have seen before that a theory given by minimal superselection of a locally-tomographic theory must be maximally bilocally-tomographic. Accordingly, the fqt is maximally bilocally-tomographic as already shown by a dimensional analysis in Eq. (8) .
It is worth mentioning that the fqt is not the only minimal superselected qt. Another example is given by rqt.
with d NR the number of perfectly distinguishable states for the system N R . On the other hand one has N R = σ(N Q ) where the superselection rule is given by the constraint ρ − ρ T = 0, with T denoting transposition with respect to a fixed basis taken as real, that for 1 R (one rebit) corresponds to the linear constraint Tr[σ y ρ] = 0. The rqt is minimally superselected, since the number of constraints for the composite system N R M R given by
saturates the lower bound (7) . Then the theory is maximally bilocallytomographic, as pointed out in [19] .
Considering a non-minimally superselected theoryi. e. V σ AB strictly included in the bounds of Eqs. (6) and (7)-we reach a theory which is neither maximally bilocally-tomographic, nor locally-tomographic. Notice that, due to the parity constraint, the fqt retains only superpositions of pure states with total occupation number equal each other modulo 2. If instead we allow only superpositions with total occupation number equal modulo 3 we get a theory that is not minimally superselected and k-locally-tomographic with k ≥ 3.
We now study entanglement in the fqt, and show that it shares some features with the rqt, as the existence of maximally-entangled mixed states, and the violation of entanglement monogamy. We will see that these phenomena are due to the fact that both theories are superselected versions of qt. One would conjecture that both features may be related to the non locally-tomographic nature of the theories, however, this remains an open issue.
In a general probabilistic theory, as in qt, entanglement must be quantified in operational terms. For bipartite states in qt all measures of entanglement refer to a standard unit of entanglement-the ebit-which is the amount of entanglement of a bipartite singlet state, and the so-called entanglement of formation is the number of ebits that are needed to achieve the state by locc (local operations and classical communication). A full theory of entanglement would require similar notions, which involve a complete analysis of the transformations of states under locc: this is beyond the scope of the present letter. However, here we will show that, independently of such analysis, one can assess features that are very different from those of entanglement in qt. These are: 1) the existence of mixed states with maximal entanglement of formation; 2) the need of mes [20] for bipartite states; 3) bipartite states with maximal entanglement of formation that do not belong to a mes; 4) the violation of monogamy of entanglement.
We now extend the notion of concurrence [22] and provide a lower bound to entanglement of formation [23] for the fqt.
In the usual quantum scenario, the entanglement of formation is defined for a generally mixed state ρ as the convex-roof extension of the pure-state entanglement en-tropy E(ρ) := min
where E(|Ψ ) for the pure state |Ψ is given by the von Neumann entropy of the marginal density matrix of |Ψ , and
|} is the set of all the pure decomposition of the mixed state ρ. The entanglement of formation extends to mixed states the operational meaning of entanglement entropy: if two parties wants to prepare n copies of a pure state |Ψ AB by means of locc, they need nE(|Ψ AB ) pairs of singlet states in order to achieve their task [24, 25] . On the other hand, for a mixed state ρ of two qubits the concurrence C(ρ) is defined as
where the formula for the concurrence of a pure state-C(|Ψ )-is given in Ref. [22] . Both the entanglement of formation and the concurrence are zero if and only if the state ρ is separable, and for two qubits they reach the maximum value 1 if and only if ρ is a maximally entangled state. In Ref. [26] , both the entanglement of formation and the concurrence have been specialized to rqt by the convex-roof extensions of the relative quantum quantities in Eqs. (9) and (10) considering the set of pure decompositions D R ρ on real states. We do the same for the fqt, namely we define
with D F ρ the set of all the pure decompositions of ρ that satisfy the parity superselection rule. Since each mixed state is parity-decomposed uniquely as ρ = p 0 ρ 0 + p 1 ρ 1 and all Fermionic decompositions in D F ρ must preserve p 0 and p 1 , one has
i. e. the Fermionic entanglement of formation and concurrence of ρ can be expressed as averages of the respective quantum quantities of the even and odd sectors of the fermionic mixed state. The above definition of entanglement of formation is not proved to be the operational asymptotic measure of entanglement, however, one can prove that it is a lower bound for it, since bipartite superselected locc's are all admissible quantum locc's. Notice that, unlike qt [22] and rqt [26] , the quantities E F and C F do not satisfy the relation E F (ρ) = E(C F (ρ)), with E(x) := h(
) and h the binary Shannon entropy. Nevertheless we have that E F (ρ) ≥ E(C F (ρ)), and for a maximally-entangled state Φ it is E F (Φ) = E(C F (Φ)) = 1. Therefore, when E F (ρ) = 1 E F coincides with the operational entanglement of formation.
Using the quantities E F and C F we can show that in the fqt there exist maximally-entangled mixed states. The state
is the equal mixture of the Fermionic pure states
It is easy to check that E F (Φ) = C F (Φ) = 1, i. e. Φ has maximal entanglement of formation. On the other hand in qt Φ is separable since it can be regarded as the equal mixture of the pure states |+ |+ , |− |− , with |± = 1 √ 2 (|0 ± |1 ), which gives E(Φ) = C(Φ) = 0. Such a decomposition, however, is not allowed in the Fermionic case, because the states |± violate the parity superselection rule. We could have replaced σ x in Eq. (15) (15) with σ x replaced by σ y [26] , namely the theory has mixed maximally-entangled states.
As already mentioned, the state Φ despite having maximum entanglement of formation, cannot be transformed by locc into a maximally-entangled pure state. It actually happens that for two lfm's the concept of maximally-entangled state under locc has to be superseded by the concept of mes, as it has already been pointed out for n-partite quantum entanglement with n ≥ 3 [20] . A mes for an n-partite system is the minimal set of n-partite states such that any other n-partite state can be obtained by locc from a state in the set. Two examples of mes for two lfm's are the set of all even non-factorized pure states with positive coefficients, and the set of all odd non factorized pure states (notice that locc can change the parity using the map σ x · σ x ).
Consider now the 3 F pure state |Φ p := 1 2 (|000 + |110 + |011 + |101 ). If we trace the state |Φ p over any one of the three lfm we find that the reduced bipartite state of two lfm's is the mixed state Φ of Eq. (15) which has maximal entanglement of formation. Therefore, in the fqt, as well as in rqt [27] , the amount of entanglement can be totally shared by each pair of systems, a feature forbidden in qt.
We conclude this letter by observing that, while Fermionic computation and standard quantum computation have been shown to be equivalent [7] , our findings about Fermionic entanglement suggests that the same may not hold for distributed Fermionic computation.
